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Abstract. We study the short-time existence and regularity of solutions to a boundary value prob- 
lem for the Ricci-DeTurck equation on a manifold with boundary. Using this, we prove the short-time 
existence and uniqueness of the Ricci flow prescribing the mean curvature and conformal class of the 
boundary, with arbitrary initial data. Finally, we establish that under suitable control of the bound- 
ary data the flow exists as long as the ambient curvature and the second fundamental form of the 
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£\J ' boundary remain bounded. 
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1. Introduction 



The aim of this paper is to study the deformation for a short period of time of a Riemannian 
metric g° on a compact Riemannian manifold with boundary using the Ricci flow 

d t g = -2Ric(g), 

which was introduced by Hamilton in [18]. He established the short-time existence and uniqueness 
cn . of solutions with g(0) = g° and used it to study three-dimensional manifolds admitting metrics with 

positive Ricci curvature. Later on, Shi in [23] proved the short time existence of the flow for complete 
manifolds with uniformly bounded Riemann tensor. Ever since, it has been proven to be a valuable 



tool in the study of the interaction between geometry and topology, providing a natural geometric 
deformation of Riemannian manifolds. 

A natural question to ask is whether one can deform the geometry of a manifold with boundary 
using the Ricci flow, and what would be appropriate boundary conditions. The obstacle, as in 
the case without boundary, is the diffeomorphism invariance of the Ricci tensor which is why the 
^ ■ equation is not parabolic. One needs to solve a modified parabolic equation first, as DeTurck did in 

|13j and then relate its solution to the Ricci flow. In the case of manifolds with boundary though, the 
challenge is to impose boundary conditions that on the one hand will lead to a parabolic boundary 
value problem for the modified equation, and at the same time tie well with the geometric character 
of the Ricci flow. 

The first work in this direction was by Y.Shen in [23], where he established a short-time existence 
result for compact manifolds with umbilic boundary. Moreover, he extended Hamilton's result in [18] 
to the case of manifolds with totally geodesic boundary. The convex (and umbilic) case was studied 
later by Cortissoz in [12]. However, one would like to deform more arbitrary metrics than in [23]. To 
this direction, Pulemotov in [21] proved a short-time existence result for manifolds with boundary 
of merely constant mean curvature. 

More work has been done on the two-dimensional Ricci flow, and the closely related Yamabe flow. 
Both have been studied under Neumann-type boundary conditions. See for instance the contributions 
of Brendle in [BJ, [TJ, [8], Tong Li in [2D] and Cortissoz in [TTJ. Also, Topping in [27] and later Giesen 
and Topping in [15] and [16] study the Ricci flow on general incomplete surfaces from a different point 
of view. They show existence for short time of solutions which become instantaneously complete and 
show uniqueness in the case the initial surface has negative curvature. 
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Heuristically, the Ricci flow is closely related to the corresponding "elliptic" problem, the Einstein 
equations. Boundary value problems for Einstein metrics have been studied for instance by Anderson 
in [5], Anderson and Khuri in [3] and Schlenker in [22]. In particular, in [5] it is shown that the 
conformal class and the mean curvature of the boundary give elliptic boundary conditions for the 
Bianchi-gauged Einstein equation. Notice that in the case of three-dimensional manifolds with 
boundary, solving such a boundary value problem also gives rise to immersions of the boundary 
data (conformal class and mean curvature) in the canonical simply connected spaces of constant 
curvature. We refer the reader to [2] for details on this point of view. A parabolic approach may 
provide further understanding of these geometric problems. 

A solution to the Ricci flow is not expected to be determined uniquely by the mean curvature 
only, as in [21], which hints that it should be supplemented with additional boundary data. In the 
following, we study boundary value problems for the Ricci-DeTurck flow and the Ricci flow, under 
the boundary conditions proposed in [5|. The methods used can also be applied to study boundary 
value problems for geometric flows related to static metrics in General Relativity (see [3]). However, 
we won't pursue this direction here, as we plan to discuss it in a future paper. 

Let M n+1 be a compact n + 1 dimensional manifold with boundary dM and interior M°. If g 
is a smooth Riemannian metric on M we will denote by 11(g) the mean curvature of the boundary 
and by u T the part of the tensor u, tangential to the boundary. Moreover, if 7 is some Riemannian 
metric on dM, let [7] be its conformal class, namely 

[7] = {7' = <^> 2 7 , for all positive functions cj) on <9M| . 

Now, let g° be an arbitrary smooth Riemannian metric on M, ^y(x,t) £ C°°(dM x [0, +00)) a 
smooth time-dependent family of metrics on dM and a function r](x,t) £ C°°(dM x [0, +00)). We 
assume that they satisfy the zeroth order compatibility conditions 

(1-1) n(g°) = r,\ t=0 

i(9°) T ] = h\t=o}. 

We choose p > n + 3, e > 1 — - and a = 1 — 2th2. Define 

k = max {\\g°\\ w ^p{M°), b°|i+e, |(5°) _1 |o 5 |7li+ e ,^s, \v ~ Vo\e,%} ■ 

Here W 2 ' p and C 1+e are the usual Sobolev and Holder spaces in M and, for non-integral I > 0, C 1 '? 

are parabolic Holder spaces in M x [0, T] with norm I • I, i- Precise definitions of the function spaces 

' 2 

used can be found in section [2j 

Theorem 1.1. Let M n+1 , g°, 7, r\ be as above. Consider an arbitrary family of background metrics 
g G C°°(M x [0, +00)) which satisfies in addition the zeroth order compatibility condition 

9(0) = g°. 

Then, given K > and A = maxj/t, sup t {||<?(t) — g°\ \w 2 <p(M°) + H^i5(*)llL P (Af )}}; there exists a 
unique solution g(t) for some short time T = T(A,K) > of the Ricci-DeTurck equation 



(1.2) 



8 t g = -2Ric(sO + £w( g ,g)9, 
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where W(g,g)i = gi r g pq (T(g) T pq — T(g t )p q ), satisfying on dM the boundary conditions: 

W(g,§) = o 

(1.3) H(g) = r, 

[g T ] = M- 

and the estimate \\g — 9 Wyy^^Mr) — ^' ^ e so ^ u ^ on ^ s awa U from the corner dM x 0, and 
extends on M x [0, T] as a C l+a '^~ family of metrics. Moreover, if the data g°, 7, 7] and g satisfy the 
necessary higher order compatibility conditions (see section \4Jty , then g is C k+a '~^~ up to dM x 0. 

We prove this Theorem in section U] with a fixed-point argument, following Weidemaier in |28j 
and applying Solonnikov's work on linear parabolic systems under general boundary conditions in 
[25]. The main advantage compared to an implicit function theorem approach is that studying the 
nonlinearities of the equation and the boundary conditions allows us to obtain the uniform control 
of the existence time. In the discussion in sections 14.21 and O we observe that the regularity up to 
dM x requires additional compatibility conditions to be satisfied by the data. Also, the assumption 
of C°° regularity of the data is not necessary, as one can get an existence theorem for g° £ W 2 ' p nC 1,e 
and (77,7) G C e, 5 x C l+e '^ . See also remark |4~41 

Theorem 11.11 allows us to prove in section [5] a short-time existence result for the Ricci flow on an 
arbitrary compact Riemannian manifold with boundary. 

Theorem 1.2. Let g° , 7, n as in Theorem \l.l\ There exists aT > and a smooth family of metrics 
g(t) for < t < T that solves the Ricci flow equation 

(1.4) d t g = -2mc(g) 
and satisfies on dM the boundary conditions 

(1.5) U(g) = v 

[g T ] = W- 

In addition, g(t) converges in the geometric C ,a sense (i.e. up to diffeomorphisms that fix the 
boundary) to g° and C°° away from the boundary, as t — > 0. 

Moreover, ifg°,^,r] satisfy the necessary higher order compatibility conditions for the Ricci tensor 
Ric to be in the class C k (Mx) (see section^), then 

(1) g(t) converges to g° in the geometric C k+2,a sense. 

(2) g G C k (Mr~) n C°°(M x [0,T]), and there exists a C k+l diffeomorphism of M which fixes 
the boundary and is C°° in the interior such that g(0) = 4>*g°. Also, if k > 1, <j) is C k+2 and 
g G C k+1 (M^). 

(3) The Riemann tensor Rm is in C k (Mx) and Rm(g(0)) = <fi* Rm(g°). 
Also, T is controlled from below in terms of k. 

We note that a version of Theorem 11.21 for short time existence of the Ricci flow which satisfies 
the initial data in the usual sense g(0) = g° does hold. However, such a solution will generally not 
be C°° smooth up to the boundary even for positive time. This issue is related to the invariance of 
the equation under diffeomorphisms and is discussed in remark \b. 21 

It is well known that incomplete solutions of the Ricci flow are in general not unique. On a 
manifold with boundary though, the boundary data (jl.5p allow us to obtain the following uniqueness 
result. 
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Theorem 1.3. A solution to the boundary value problem JJ.^| ) ; ( TO]) in C 3 (Mj>) is uniquely deter- 
mined by the initial data g° and the boundary data ([j],T)). 

Theorems 11.11 11.21 and 11.31 generalize to Theorem 15.11 where rj also depends on the metric g T 
induced on the boundary by g{t). 

Finally, in section [B] we obtain an extension condition for the flow. On closed manifolds, a Ricci 
flow defined for t < T with uniformly bounded curvature tensor can be extended past time T. On 
compact manifolds with boundary, we observe that appropriate control of the data ( [7] , H ) and 
uniform bounds on the ambient curvature and the second fundamental form A of the boundary 
suffice for the extension of the flow. This is Theorem 11.41 below. 



Theorem 1.4. Let g(t) be a smooth Ricci flow with boundary data ([7], 77) and let T < 00 be the 
maximal time of existence. Assume that j(t) are uniformly equivalent, controlled in C 1+e '^2~ with 
uniformly bounded scalar curvature and that r\ is controlled in C e '2 n Lip(dM). Then 

sup I sup I Rm(g(t))\ g ( t ) + sup \A{g(t))\ g{t) ) = +00. 

0<t<T \x&M x&dM J 

Acknowledgements: The author would like to thank his adviser Michael Anderson for suggesting 
this problem and for valuable discussions and comments. 

2. Notation, definitions, background material 

Let M n+1 be a smooth, compact, n + 1 dimensional manifold with boundary dM, and interior 
M°. We will use the notation M T = M° x (0,T), dM T = dM x (0,T). 

2.1. Function Spaces. We need to define the function spaces we will use. First, fix a smooth 
Riemannian metric h on M and denote by V its Levi-Civita connection. We also need to fix an open 
cover {U s } of M, and a collection of charts (ft s such that 

4> s : U s — > B(0, 1) C M n+1 , if U s does not intersect the boundary 

4> s : U s -)• B(0, 1) + C M n+1 , if U s intersects the boundary. 

In the last case assume that 4> s \dMr\U '■ dM (1 U s — > V := B n (0, 1) C M™. We will use the convention 
that Greek indices correspond to directions tangent to the boundary, counting from 1 to n. Moreover, 
p s will be a partition of unity subordinate to that open cover. 

Consider any tensor bundle E of rank k over M, with projection map it, equipped with the 
connection inherited by V. The completion of the space of the time dependent C°°(Mt) sections of 
E with respect to the norm 

IMIw^CMt) = IHI-M^t) + \\^ u \\l p (m t ) + l|V 2 u|| Lp(MT) + \\d t u\\ Lp{MT) 

will be denoted by W%' l (M T ). Let also M l 2,i (Mt) = ||<9H|l p (m t ) + l|V 2 n|| ip ( A / T ). 

If r is a section of E, we will denote by s rJ^u.'.'.' the coordinates of this tensor with respect to the 
trivialization based at U s . 

We define the following norm for time dependent L p sections of Eg m = {v £ E\ir o v G dM} and 
for A = 1 — 1/p 

\\v\ 



\w p ^\8M T) -\\ V \\LA0M T ) + M c ^ {dMT) 



THE RICCI FLOW ON MANIFOLDS WITH BOUNDARY 

Here, setting p s = p s o (f>J, we define 

\v\ \ x = > max \p s s v tl ''"' ll i, , , j, I , a 



where, for every function / £ Lp(Vr) 



" r+oo 

ii — 1 



11= 

hoc 



l/l P ofl = / h^ 1+ P^\\A th f\\ p r fv ,dh. 



In the above, 



\,hf(y,t) = /(y + he^t)- f(y,t) 
A t , h f(y,t) = f(y,t + h)-f(y,t) 

V^, h ,T = {{y, t) e V T \y + he„ e V} . 

Analogous spaces exist also in the elliptic setting, see for instance |26j . 

For I > nonintegral, we will denote by C l ' l / 2 (M x [0, t],E) the Banach space of time dependent 
sections u of E having continuous up to the boundary derivatives c^V 9 u for all r, q satisfying 2r + q < 
I, satisfying appropriate Holder conditions in the time and space directions. More precisely, the norm 
is given by 

Mm/2 = supmax| s u/| [i]ijB(0>1) +supmax{ s M;) lil / 2 ,B(o,i) 
where s uj are the coordinate functions of u in the coordinate system U s and 

l/lfe,s(o,i) = E W d t d af\\oo 

0<2r+q<k 

(f)l ,Z/2,B(0,1) 



l-2.T — q 



t ' 



Here, for < p < 1 



2r+q=[l] 0<l-2r-q<2 

/n \f(x,t)-f(x,t')\ 
(f)p,t = SU P r: ,,i p • 

We will also denote by \u\k and ^ 2 the norms 

( u ) l,l/2 = supmax( s n;) i|/2iB(0]1) 
|u| fe = supmax| s u/| fcjjB ( ,i). 

s I 

For any integer k > we will denote by C k (M x [0,r]) the space of sections with all the derivatives 
<9[V% for 2r + g < k continuous, equipped with the norm | • |fc. 
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By the definition of Wp' X ^ (8Mt) it is not hard to see that C e, i(dMy) embeds in Wp ,A//2 (5Mr), 
provided that e > A. We will also need the following embedding theorems. 

Lemma 2.1. (1) For 1 < p < oo, and u G W^'^Mt), ll^lltf/^V 2 ^/) < Cill n lliy 2 ' 1 (M T )- 

(2) // ^±3 < p < oo and < a < min(l, 2 - (Sj 5 )), t/iera 

<«>«,«/* < ^ (* 2 - (n+3)/p - a |«| L ;.i (Afr) +^- ( " +3)/p - a ||n|| iP(A/T) ) . 

(3) If n + 3 < p < oo and < a < 1 — (n + 3) /p, t/ien 

(V«) a , a/2 < C 3 (^" {n+3)/p - Q |^l^i (A/T) + 5" (1+{n+3)/p+Q) ||n|| LP(MT) ) . 

/n i/ie above, the constants do not depent on T > and < <5 < min(d, T 1 / 2 ), where d is a constant 
depending on the chosen atlas {U s }. 

Proof. See Lemma (3.3) at Chapter II of |19] or Lemma (A.l) in [25]. □ 
From now on let us fix some p > n + 3 and some a < 1 - 2+3. Then, as the previous Lemma 

implies, the Sobolev space W p ' (Mr) embeds in the Holder space C 1+a ^(M T ). Moreover, we get 
the following estimates (see Corollary A. 2 in |28j). 

Lemma 2.2. For all u G Wp ,1 {M T ), with u(.,0) = 0, n + 3 < p < oo, < 7 = (1 - ^)/2 and all 
sufficiently small T > 

(1) Mi < c 4 t^|u| L 2,i (Mt) . 

(2) \u\ c w/2 [dMT) < C 5 Ty\ U \ L 2,x {MT) , for all f3 G (0, 1). 
Also, we will be using the following product estimate. 

Lemma 2.3. If /, g G £p ,/3 (V T ) n L°° (F T ) and p = p o f/ien 

|p/5l £ «.^(v T ) < Cell/slloo + \\f\\oo\pg\ c ^ {VT) + \\g\\oo\pf\ c ^ i y T y 

2.2. The mean curvature. Let g be a Riemannian metric on M and N the ourward unit normal 
to dM with respect to g. The second fundamental form A of the boundary is defined by 

A=\{C N g) T . 

The mean curvature of the boundary with respect to the metric g is then given by 

2H(g) = tr gT C N g. 
2.2.1. First variation of the mean curvature. 

Lemma 2.4. If gt is a smooth one-parameter family of metrics, such that go = g, and dtg\t=o = h, 
the variation of the mean curvature of the boundary is given by the formula: 

2n' g = tv gT V N h + 25 dM {h(N) T ) - h(N, N)U(g). 

Proof. 

2U' g = -h a P{C N g) a p + tr 7 (£jv<?y = -2 (A, h) + tr 7 C N ,g + tr 7 C N h 
= —2 {A, h) + tr 7 C -h 00 N g + tr 7 C-h{N) T 9 + * r 7 £>Nh 
= -2 (A, h) - h{N, N)H + S gM [h{N) T ) + tr 7 V N h + 2 (A, h) 
= tr y V N h + 25 9M {h(N) T ) - h(N, N)H. 
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□ 



2.2.2. The mean curvature in local coordinates. 

Lemma 2.5. In local coordinates the mean curvature of the boundary of M is 



Proof. 



2H(g)=g T ^u i d i (g, 

ma) 



2g0l gCtlC gUIS gl 



-,01 „0fc„0a 



9 ' 90/39 9 



00 



(vW 



oo 



d a {gu)- 



tT gT (C N g) = g T ' a)3 {C N g) a/ s 
g T ^ (N(g af} ) - g([N, d a ],dp) - g(d a , [N, dp])) 



y9i{g a p) + 2d a {u i )g i p) 



g T ^u%{g a p) + 2g T ^d a ^)g eP + 2g T ^d Q (u° 
9 T ' a ^%(9ap) + 2d a (v a ) + 2g T ^g ^d a (u ). 



Since v % 



we compute 



n 



Therefore 

2U{g) 



g r > ttP v%{g a p) + 



. /Tflo 



01 „ak 



gOlgOkgOi 



00\3 



2g w g 



'9 



oo 



2(V9 



g^gOkgOa 

^00\3 



W9 00 ) 



d a (gki)- 



+ 



9 T > a ?9op9 0l 9 0k 



'9 



oo 



d a (g, 



kl 



□ 



3. A LINEAR PARABOLIC INITIAL-BOUNDARY VALUE PROBLEM. 

Let g be a C 1+e Riemannian metric on M, for some e > 1 — |, 7 the induced metric on the 
boundary, (3 g = div 9 — \dtx g the Bianchi operator and H! g be the linearization of the mean curvature 
at g. 

2 1 A A/2 

We will also denote by W p ' and W p ' the subspaces whose elements satisfy the initial condition 
u\t=o = (the restriction at t = makes sense, see for instance Chapter IV, §4 of |19|). 

Theorem 3.1. Consider the following linear parabolic initial-boundary value problem on symmetric 
2-tensors on M 



(3.1) 



d t u - tv g V 2 u = F(x,t) 
H' g (u) = 



u 



T 



-1 




on dM 



u\ t =o = u 

r X,X/2, 



for F € L p (Mj>), G,D in the corresponding W p ' (dM?) space and uq E W 2 ' p (M°). Assuming that 
the zeroth order compatibility conditions 

p g (uo) = G(x,0) 
H' g (u ) = n(x,Q) 



u o —7 
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hold, problem ( 13. ij) has a unique solution u £ Wp' 1 (Mt) which satisfies the estimate 

W U Ww^(M T ) ^ °8 (\\ F \\lp(M t ) + W G W W ^ X/2 (dM T ) + W D Ww*' x/ *(dM T ) + W U oWw^P(M°)) ■ 

Moreover the constant Cg stays bounded as T — > and depends on the C 1+e norms of g and g . 

Proof. The method followed in Chapter IV of [19] and Theorem 5.4 of [25] carries over to the manifold 
setting, after the necessary adaptation to the realm of manifolds and vector bundles (see |21j). We 
only need to show that the following boundary value problem on = {x° > 0} C R n+1 satisfies 

the complementing condition (see |19j.|25] and }14j). 



^eucl^kl 



■kl 



5 %3 di{u jk ) - \^ %3 d k Uij = G k 

(3.2) 5 aP d u a p - 2S afi d a u fi0 = D 

Ua/3 a p = 

n 

u\t=o = 0. 

Here, F M 6 L P (M+ +1 ) and G k ,D £ W^ A/2 (<9R™ +1 ). One obtains ([32D by expressing (JET]) in local 
coordinates around a point x of the boundary, with gij{x) = 5ij, freezing the coefficients at (x,0) 
and keeping the higher order terms. The principal symbols of the boundary operators are: 

(3.3) i^Zihk ~ % -x ^Zkhn 

i i 

(3.4) i£ ^2 haa ~ 2i ^2 ^ ah ° a 

a a 

and the principal symbol of the parabolic operator dt — A euc ;, is 

(P + ICI 2 + T 2 )hij, where C = 



(Ci, . . . , Cn) G R n and |£| its Euclidean norm. We obtain the following positive root f = i\J p + |£| 2 . 
Setting equations (|3.3p . (|3.4j) to zero and letting £o = f, £ a = Ca, we get the following system: 



(3.5) if/tpo + % ^ £ a h a0 - ^f ^ fy; = 

(3.6) if /i 0jU + i ^ - ^ = 

a I 

(3.7) if h aa - 2i Ca^Oa = 

(3.8) /l Q)S = ^ Q( g. 

Since the principal symbol of the equation is in diagonal form, the complementing condition is 
equivalent to proving that system (|3.5j) - (|3.8p has only the zero solution when (p, £) satisfy 

(3.9) Rep>-<5i|C| 2 



for some < <5i < 1. 
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From equation (13. 5p we have 

(3.10) 2i ^2 ( a h a0 = if'^2 hu ~ 2ifh 00 = if (tr h - 2h 00 ), 

a i 

while multiplying equation (j3.6|) by 2£„ and then adding over \x we find: 

(3.H) 2if c^v + 2i Yl c«Cm v -iJ2& tTh = - 

This gives, taking (I3.10P and h afJl = <f>5 af j, into account: 

(3.12) if 2 (trh - 2h m ) + 2i\Q\ 2 (j) - i\C\ 2 tr h = 
which, after substituting for f , leads to the equation: 

(3.13) P h 00 = P nct> + 2(n-l)\(\ 2 (j> 
Now, by equation (13. T[) we have: 

(3.14) 2iY,Cah 0a =ifJ2h c 



"act — IT0U 

a 



which combined with (I3.5P gives: 

(3.15) 2ifhoo + itcfyn — ifti h = 

and therefore ifhoo = 0. Now, (13.9P implies that p ^ — \C\ 2 , which gives f ^ and thus /loo = 0. 
Now, by (I3.13P we have that 

(3.16) (j)(pn + 2\(\ 2 (n- 1)) = 0. 

However, assumption (|3.9p implies that (pn + 2|£| 2 (n — 1)) ^ 0, since 2 ^ n n ~ 1 ^ > 1 for n > 2. This 
gives that <f> = 0. 

Now we have established that 4> = /loo = it is easy to see that ho^ = 0, by (|3.7p . This proves the 
complementing condition for system (|3.2p . □ 

Remark 3.1. Theorem 13.11 is still valid if we consider 7$ and <7f evolving such that 70 = g T . Note 
that the complementing condition is satisfied if jt and gj are in the same conformal class. If not, 
the openness of this condition implies that it holds at least for some short time f > depending on 
C e,e l 2 bounds of jt and gt- Thus, we either get local (in time) existence or a global solution and the 
constant C$ depends on the C l+e, ~ norms of gt and jt and the C° norms of g~ l and 7 _1 . 

4. A BOUNDARY VALUE PROBLEM FOR THE RlCCI-DETURCK FLOW. 

Let g° be a C 2 Riemannian metric on M n+1 . Consider also j(x,t) E C 1+e '~^~ (8Mt), a family of 
boundary metrics and a function r/(x, t) £ C 6 ' 5 (OMt), where e is always 1 — | < e < 1 and p > n + 3. 
Moreover, assume the zeroth order compatibility conditions (jl.ip hold. 

We supplement the Ricci flow equation 

(4.1) 8 t g = -2Ric{g) 

with the boundary conditions 

(4-2) [g T ] = [ 7i ] 

H(g) = ri(x,t) 
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and the initial condition 

(4.3) (/(O) = g°, 

and aim to study the existence and regularity of solutions. 

As is well known, the Ricci flow equation is not strongly parabolic, so we will first study the 
Ricci-DeTurck equation 

(4.4) dtg = -2 Ric(<?) + C w(grg) g, 
with the boundary conditions 

W(g,g) = o 
(4-5) [g T ] = [ lt ] 

H(g) = r)(x,t). 

Here, W(g, g)i = gi r g pq yTp q (g) — ^t,pq) > ^(d) being the Christoffel symbols of g, and f t the Christof- 
fel symbols of a C 2 family of metrics gt with g\t=o = g° (i.e g G C 2 {M x [0,T])). 

Remark 4.1. The geometric nature of Ricci flow requires the boundary data to be geometric, namely 
invariant under diffeomorphisms that fix the boundary. The data (|4.2|) have this property. However, 
passing to the DeTurck equation we need to impose the additional, gauge-dependent boundary 
condition W(g,g) = 0. 

Remark 4.2. We allow the background metric gt to vary and define a time dependent reference gauge. 
This, as will be discussed in section [4~2| allows higher regularity of the solution on dM x 0. 

4.1. Short-time existence of the Ricci-DeTurck flow. We can now state and prove the main 
short time existence Theorem 

Theorem 4.1. Consider the boundary value problem (|4.4p . (|4.5p with initial condition g(0) = g° . 
For the data (g° ,g,rj,j) define 

A = max I k, sup - g°\\ w ^(M°) + II^5(*)IIl p (m°)} 

For any K > there exists a T = T(A,K) > and a solution g(t) E Wp' l {Mx) of this initial- 
boundary value problem which satisfies \\g — g° Hjy 2 . 1 ^/^ ^ K. 

Proof. Using the background connection V the Ricci-DeTurck equation (|4.4p can be expressed as 
(4.6) d t g - tx g V 2 .<7 = n(g(x, t), Vg(x, t)) - £ v[g) g, 

where V{g) = 9ir9 vq ^\ m — ^p q ), while in local coordinates we get (see [TO] ) 
TZ(g(x, t), Vg(x, t))^ = g pq h kl (gi k Rj p i q + gjkRipiq^ 

- g Pig kl Qv^fcpVj^g + V p g jk Vig iq - V p g jq V q gu 

+g pq g kl (VjgkpVqgu + Vi 9fcp v 9 ^ 7 

Here h and V are the background metric and connection we used to define the function spaces. 
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Moreover, we will express the boundary condition for the conformal class in the form: 

gf - ^L lt = 0. 



n 



Following [28], for K, T > we define the following subset of W p ' (Mr): 



u\ t=0 = g°, \\u-g°\\ w 2,i {MT) < K 



Choose 5 > such that (g°Y^CiCj > <5|£le U cZ ™ evei T coordinate system of the fixed atlas. Note that 
5 is controlled from below in terms of n. Lemma 12.21 implies that for every K > 0, there exists 
< T o (K,g ) < 1 such that det(u ij ) > 5/2 and (u^ 1 )" > 5/2 for every u G Mj?(g Q ). In particular, 
u(x,t) is a metric for all t £ [0,T o ]. 

Now, let T < T a . For every w E M^(g°) the following linear parabolic boundary value problem is 
well defined: 

dtu — tv g o\7 2 u = 7Z(w(x, t), Vw(x, t)) — Cy{ w )W — tx g o V 2 w + tr w X7 2 w = F w in M 
f3 g0 (u) = (3 g0 (w)-W(w) = D w 

u' g0 {u) = n f g0 (w)-n(w) + r](x,t) = G w 

u T -^- lt = 
n 

u\ t =o = g° 

and has a unique solution u S Wp' 1 (Mt), by Theorem 13.11 This defines a map 

S:Ml{g°)^W%>\M T ) 

where S{w) is this solution. 

Notice that a fixed point of S solves the nonlinear boundary value problem. Therefore, it suffices 
to prove that S is a map from M^-(g°) to itself and also a contraction, as long as T is small enough. 
The existence of the fixed point will follow, since M^(g°) is a complete metric space. 

It is easy to see that a = S(w) — g° satisfies 

d t a -tr„oVV = F w +tv q0 V 2 g° = F W 



f5 g o (a) = D w 

n' g0 (a) = 'H l g o(w-g )-('H(w)-'H(g ))+r ] (x,t)-r ] (x,0) = G, 



T 



a T_tjh 1 0_ ryt = Q 
n 

0-|t=o = 

Here we used that P g o(g°) = and the compatibility condition %(<?°) = r/\t=o- Lemma below and 
the parabolic estimate of Theorem 13.11 show that for any K, S maps M^(g°) to itself, if T is small 
enough. 
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Finally, for any w±,W2 £ M^(g°), S(w\) — S(w2) similarly satisfies a linear initial-boundary value 
problem of the form (|3.ip . Then, the estimate of Lemma |4 , 2 1 b elow shows that S is a contraction for 
small T > 0. 

The uniform bound of existence time follows from the fact that a uniform bound of k implies 
uniform bounds of the constants of Lemmat a 14 . 1 1 W72\ and the constant C$ of the parabolic estimate 
of Theorem 13.11 □ 



4.1.1. Lemmata \4-l\ and \Jl 

Lemma 4.1. Let w £ M]^(g ) for some K > and T < T o (K,g ). Then, there exists a constant 
C(K,g,rj) and a function ( : [0, +oo) — > [0, +oo) with C(T) — > as T — > 0, such that the following 
estimate holds: 

\\Fw\\l p (m t ) + IIA^|| w a,a/2 (SMt) + \\Gw\\ w x,x/2 {9Mt) < C(K,g,r])((T), 
where C(K,g,rj) = C \K,sup t {\\g t - g°\\w*>p{M°) + ll^5t||i p (Af°)} » \\9°\\w^{M°)i |r? - %| e ,f )• 
Proof. Since w £ M^(g°), Lemma 14.41 below implies that w £ C 1 (Mt) and therefore 

\K(w,Vw)\ h <c(K,\\g°\\ w i, 1{MTh 

This gives 

\\K(w, Vw)\\ Lp[Mt) < C (K, \\g \\ W 2, P(M °)) C(T). 

Next, we estimate 

\\£v(w)w\\l p (M t ) < T 1/P SVLp\\Cv( w )w\t\\L p {M°) < C \ K , sup I \g t \ \w^p{m°) \ C(T)- 
We also have 

|| t v VV||l p( m t) < c (H^ll^wo))^/?. 
Combining these estimates we obtain 

\\K(w,Vw) - C v{w) w + tT g0 VV||l p (m t ) < C Usup||p(t)||^(Mo)) C(T). 

To estimate the rest of F w we calculate: 

\((g°f - w^)%w\ h < Cmax \((g°f - w ij )%w Kl \ 

< C (k, I |<7°IIw2,i (Mt) ) max lV^-u/fc.,1 



< C {K,\\g»\\ w 2,i (MT) ) ((T)\V'w\ h ,byLemma[ 

This gives the estimate || tr g o V 2 w — tr w V 2 w\ \l p (m t ) — C I Ivk 2 >?>(m o )) ((T) and proves 

\\F w \\l p {m t ) < C (K,sup\\g(t)\\ W 2,p( M o) \ ((T). 

It now remains to control the norms of G w and D w . Given any w £ M^(g°) (we assume that 
T < T a (K, g )), define h = w — g°, and for every < s < 1 

g s {x,t) = g°(x) + s-h(x,t) 
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Then by the fundamental theorem of calculus we get that 



2n(w)-2H(g°)= f 2H' ga 
J o 



{h)ds 



and therefore 



G w := 2H' g0 (h)-(2H(w)-2H(g ))+2(ri(x,t)-r](x,0)) 

= [ [2H' go (h) - 2H' gs (h)]ds + 2( V (x,t) - r)(x,0)). 
Jo 



Now, denoting A s := 2H go (h) — 2'H' ga (h) we calculate 



(4.7) 



A s = tr g T(V , No h) - tr gT {V S:Na h) + 25 , d M(h{N y ) - 25 sMI (h{N s 



+ h(N s ,N a )H(g a ) - h(N , N )H(g ) 



which, in the coordinates of the fixed atlas, are 



H{g) = \(g a ^ i d i {g a p) + 2d a (u a ) + 2g a ! 3 g op d a (i 



a 



(gf4 - gfvi)dih a p - 2(gf4v l 0}ia - 9 f4r l s>ia )h w 
gf< - gfvl) d a h^ + (gfd a (ul) - gfdM)) V 



[9o u o L ,af3 9s v s L s ,a/3 J ' h 3 
7}{(v>lvsgfdk(gs,ai3) - 4 v l u o9^ d k{90, a f})) h ij 
+2 (uy s d a (uf)-44d a (u^ hij 
+2 [v l s yig^g S fipd a {v s ) - v^g^ g Q<Q pd a (v%)\ hy, 



where N s = v\di = — ^ g oo s y/2 ®i ls the outward unit normal, F the Christoffel symbols of the connec- 
tion induced on dM, and g£ represents the inverse of the matrix g s ^j(\.e the induced metric on the 
cotangent bundle). To simplify notation, g a denotes the inverse of the matrix {g a f3} a ,p=i,...,n- 

Now, to indicate how the estimates of this lemma are established, we show how the term 



(9f4 ~ gf<)dih afi = (gf - gfH + (4 - K)gf 



ot/3 _ af3\ 



dih r 
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is estimated. We have 

\p(gf - 9fKdih a p\ a a < G\gf -flf |o|^|o|«/Slo 

C-p {Vt) 

£ P (Vt) 

+bo^-^lo|3i/i a ^|o|^ol , 

C p (V T ) 

+kSlo|^|o|p^-^)| ,,4, 

£ P 2 (Vt) 



< C(AM| 9 ||^, 1(A/T) )c(T)||/ l || H/p2 ,i (MT) , 
where the last inequality follows from Lemma 14.41 



The terms that are of zeroth order in h, for example 2(gQ /3 UqF 1 ia — g^v\T l a ia )hip, are of first 
order in go and g s , but they are estimated in a similar way: 

2(<?o^orU - 9f<r l s, ia )hif3 = 

For example, the term gsU l s (T l ia — T l s ia )hip can be estimated again using Lemma 

\f>9? v% s ( r 0,ia _ r i,io;)% La, , - C \9s u l\o\r o ,ia ~ r i,ialo|fys|o 

£p (Vt) 



A 



^|o|^|o|p(T{, >ia -ri ilu 

£ P (Vt) 

/ -pi 



+ \g7 1 1 Vlol r O,i« ~ r s,ialo|P^sl „A,£ 

+Klol%lo|r 0jia - F l Sjia \ \pgs 

+ Wl9s l3 \o\^0,ia - r i,ia|o|P%| A ,i 

£ p 2 (V T ) 

< c(K t \\^\\ <l{MT) )c(T)\M^ {UT y 

The procedure indicated above carries over to estimate all the terms of A s , providing us with the 
estimate 

I^Io,vt + IM s | £ a,^ (v , t) < c^H^H^^cmii/iii^,!^ 

< c(K,\\ g °\\ w ^ iMT) )an 

since | \h\ \y/ 2 ^(^M T ) — Now, under the assumptions for rj, this proves that 

\\G w \\ w xA/z {dMT) < c(ir,|| 5 || iy M (MT) ,|r ? -r ? o| ejf )C(r). 
Similarly, the linearization of the map w i— >■ W(u>, <?) at u(x,t) is given by 
(4.8) W£(r), = A,(r), + - u^u V)(r(^ g - f^). 
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So, given any w G M^(g°), T < Tq, since f3 g o(g°) = we have 



PA h )i~ C WAh^ds -W{g° ,~g)i 



(D w \ = P g o(w) l -(W(w,g)-W(g ,g))i-W(g ,g) l 



Jo 

(P g0 (h) - f3 9a (h))ids + / (h lr cf s i - gs^rhijgfg^m^ - f^da - W(g°,g)i- 
Jo 

Again, using a coordinate system intersecting the boundary, we have: 



1 



/3(h) = g^{d i h jl -h rl V\ j -h jr V^--d l (g^h 



< >.i • 



- P a Mi = (a°' lj - g^ihji - (//'•'•' r;, v - 9 i j r r Sjij )h rl - (g°' ij r r 0jil - gi j r Sjil )h 



2 

Finally, a series of estimates of the same form as those used for the mean curvature part of the 
boundary conditions gives the required estimate: 



D w \\ u ,\,\/2, niir , < C 



Wp'"''(dM T ) 



[K, H^-^llv^-^AfT)' lb°lliy2, P(MO )J ((T) 



< C (k,svlp {\\g - g°\\ W 2, P{MO) + \\d t g\\ Lp (M°)} , \\g°\\w 2 >r(M°)) C{T). 



□ 



Lemma 4.2. Let K > and T < T o (K,g ). Then, there exists a constant C(K,g) such that for 
every wi,W2 £ M^(g°) the following estimate holds: 

(4.9) \\F m - F W2 \\ Lp{Mr ) + \\D Wl - D W2 \\ w x,x/2 {dMT) + \\G Wl - G w 2 \\ w £,V2( dMT ) 

< C(K,g)((T)\\ Wl -w 2 \\ w 2,i {Mt) , 

where C(K,g) = C (K, swp t {\\g - g°\\w 2 >p(M°) + H^<7lU p (M°)} > lb°llw 2 .f (M°)) ■ 

Proof. If w\,w 2 £ M^(g°) and w± are the metrics induced on the cotangent bundle, Lemma 

Ogives that 

H - m 2 |i + \wi l - w^lo < C [K,\\g \\ w 2,i iMT) ) t(T)\\wi - w 2 \\ w ^ {Mt) . 
which is enough to prove in a similar manner with Lemma 14.11 that 

(4.10) \\H{wx,Vwt) -TZ(w 2 ,Vw 2 ) - (L v ^ wi) wi - C v{w2) w 2 )\\ Lp{Mt) 

< C 



K, sup | \g(t)\\ W 2, P ( Mo) j C(T)\\w! -w 2 \\ w 2,i (MT y 

Then, again as in the proof of Lemma |4. H we have 

| tr ff0 VV - tr m VV - (tr g0 V 2 w 2 - tr W2 V 2 w 2 )\ h < \(g°' ij - ffifjV^wi - w 2 )\ h 

< C{K,g°)(:{T)\V 2 {w 1 -w 2 )\ h 

+C{K,g )\w 2 - Wl \ \V 2 w 2 \ h 
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which, by Lemma 12.21 gives 

(4.11) || tr fl0 V 2 wi - tr Wl V 2 wi - (tr g0 V 2 w 2 - tr W2 V 2 w 2 )\ \l p {m t ) 

< c (k, \\g°\\ w *A( MT) ) CCOH - w 2 \ L 2,i (Mt) 

and proves \\F Wl - F W2 \\ Lp(Mt) < C (K,swp t \\g\\w^p(M°)) C( T )\\wi - w 2 \\ w 2,i {Mt) . 
To establish the estimates for the boundary data, we define 

h = w\ — w 2 
g s = wi+s-h. 
Then, again as in the proof of Lemma |4. 11 we get: 

G W1 -G W2 = f [2U' {h)-2U' (h)]ds 
Jo 

D W1 -D W2 = [ (f3 g0 (h)-f3 gs (h))ids+ [ (h lr g p s q -g s , lr h ijg lPg^)(ri pq -fl pq )ds 

Jo Jo 

and the same computation gives the estimate 

\\Gwi ~ G W2\\w^ x/2 {8M T ) + W Dw ^ ~ Dw ^Wp' x/2 (dM T ) - 

C (k, sup{||<?- g°\\ W 2,p(M°) + \\dtg\\L p (M°)} , ||ff°||^,p(M°)) C(r)||u;i - w 2 \\ w 2,i {Mt) . 

□ 

4.1.2. Technical Lemmata. 

Lemma 4.3. Let 6q > 0. There exists a positive constant C , such that for matrix valued functions 
g,gi G L°°(Vt) nCp^(V T ), 1 = 1,2 for which det(gij), deifa^) > 5 and g u ,gf > 5 holds: 

(!) \P9 ij \ c ^(v T ) ^ C \9\o (\P9\ C ^(V T ) + X ) 

( 2 ) 1/5 (g l i -g 2 ) \c^(v T ) <c b 1 b 2 {\p{gi- g-i)\c^(v T ) + 1^ 1 -salo) 

(3) IP(5 00 )- 1/2 | £ ^ (V - T) <C\g\ {\pg\ cr + l) 

(4) 1/5 («)" 1/2 - (5 2 00 )- 1/2 ) \ c ^ {Vt) <C-B x -B 2 . (\p ( 91 - g 2 )\ cr[VT) + \gi - g 2 \o) 
where \gi\o < B\ and \pgi\ r a,g n/ < B 2 and the constants depend on 6 and the cutoff function p. 

Proof. The result follows from Weidemaier, Corollary A. 3. □ 

Lemma 4.4. Let go,gi € M^^g ), T < To(K,g°), g s = go + s(gi — go) and (U,(f>,p) a chart whose 
domain intersects the boundary, with the corresponding cutoff function p and p = p o 4>~ l . Let also 
■ -. o^_ 1/2 be the components of the outward unit normal to the boundary with respent to g s . 



Then: 



(1) \g s ,ij\i,v T + \P9s,ij\ +\f>d k g s ,ij\ a a <C(K,g°) 

C p 1 (V T ) C p 2 (V T ) 

(2) \g$ - ^Ix + \g 0tij -g,^ < C(K,g°, 6)((T)\\h\\ w 2, 1{MT) 

(3) \Kgi j - gi j )\ a,a +\p(go,ij-9s, ij )\ *a < c{K, g ^5)aT)\\h\\ w ^ 

Cp A (V T ) Cp (Vr) 

(4) \pd k gi j \ x x <C(K,g°,8) 

Cp^(V T ) 
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(5) l^llo + IKI^ +IP«| £ x,A <C(K,g",d) 

(6) H ~ "jli + " ^)l M n/ [ < C(K,g ,5)((T)\\h\\ w 2,i {MT) 



(7) \pd a ul 



<C(K,g°,S) 



where lim C(T) = 0. 



Proof. Since go,gi are m ^k(9°) we get that g s 6 M^(g°). Therefore the estimate 

\\9s- 9°\\ w 2,i {Mt) < K 
holds. Using Lemma 12.21 and assuming T < 1 we compute: 

\9s\i < \9s-g \i + \g°\i<C 4 K + Cl(g ) 



\9s 



C p ^(dM T ) 

where C\ = \g°\i and C£ = \g° 



< \g s -g u 



C p '^(dM T ) 



+ <T 



C P ^(8M T ) 



<c 5 K + c* 5 (g 



C P ^{8M T ) 



We also have that \\9s\\ w ^ [Mt) <\\g s - 9°\\ w ^^ Mt) + \\9°\\ w ^\ MT y This, using Lemma[231 gives: 



|V 5 . 



<C l \\g s \\ w 2,i IA , ) <C l K + C* 1 (g°) 



'C P ^(8M T ) 

where C*(g°) = \\9°\\\y 2 - 1 (m t )- Now, the estimate 



\pdk9. 



C P Z (V T ) 



<C(h,V,{U s },(f> s ) \pV k g, 



£ P ' 7 (Vr) 



completes the proof of (1). 

Estimate (2) follows directly from (1), Lemma 12.21 and the fact that det(g Si ij) > 5/2, since the 
inverse is given in terms of the determinant and the cofactor matrix. 

Lemma l4~3"l proves (3), since 



9s,ij\o + \pg s 



C P ^{V T ) 



\p(go,ij - 9s,ij)\ < C 5 T^\\g -9s\\ w ^ {Mt) < C 5 T^\\h\\ w 2,i (MT) 

\go-9s\o < C i T 1 \ \h\\ w 2,i {MT) 

where the first inequality follows from (1) while the second and third inequalities by Lemma 
For estimate (4), note that dk(gl ] ) = —gi % dkg sm g p s :i ■ Then, by (1) we get the estimate 

\pdk(9?)\ *,a <C(K,g°,S) 

C P ^(V T ) 

The estimate of |z^q — z/*|o + |3 q (^q — z^)|o follows from (1) and (2) of this Lemma. For the rest we 
have: 



c P ^{V T ) 



< 



p ((s8°r* - on 



9. 



0/ 



,00 



00 > 



C P ^(V T ) 



.9o 



+ l/3fcfo w -0° i )Gr 



C P ^{V T ) 



< C(K,g°,6)((T)\\h\\ w , A(MT) 
where the last inequality follows from Lemma 14.31 Lemma 12.21 and the fact that T <Tq. 
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Lemma B~3l since g® > 5/2, also proves that 



\pd a {v\)\ X k 

C P ^(V T ) 



n 



<C(K,g°,5) 



and this finishes the proof of this Lemma. 



□ 



4.2. Regularity of the Ricci-DeTurck flow. The solution of the Ricci-DeTurck boundary value 
problem obtained in the previous section is in the Sobolev space Wp ' (M T ) for p > n + 3, and 
therefore has only C 1+a '~2~ regularity in Mr- In this section we show that certain higher order 
compatibility conditions on dM are necessary and sufficient for higher regularity on dM x 0. We 
also obtain an automatic smoothing effect of the flow for positive time (up to the boundary). 



4.2.1. Higher order compatibility conditions. Assuming that g(x,t) is a C' +2 '2 +1 (M T ) solution to 
the Ricci-DeTurck flow 

d t g = -2Ric(sO + ^w(g,g)9 

we easily see that all the derivatives hk = d k g\t=o £ C l+2 ~ 2k (M), < k < [|] + 1 are determined 
by the initial data g\t=o = 9° G C l+2 (M), by differentiating the equation with respect to t, and then 
commuting d k with didj, which is possible as long as 2k + 2 < / + 2, i.e. < k < [|] . 

Moreover, if g(x, t) satisfies the boundary conditions (|4.5p . differentiating with respect to t we get: 

(4.12) d k t W{g u ~9t)\t=v = 

(4-13) d k t U{g t )\ t=0 = d k rj\ 

(4.14) $($-^£1^ 



t=o 



= 

i=0 



So, from (|4.14p for k < [|] + 1, we see that additional conditions need to be satisfied by hk, and 
hence by g°, on dM. Similarly, for k < [^-] (so as 2k + 1 < / + 2 ), the d k derivatives commute 
with the space derivatives of the first order operators yV,H. on (|4.12p . (|4.13p . and give additional 
restrictions on the initial data on the boundary. 

In particular, if I > 0, since (g°) T = j\t=o we see that 7 \t=o is specified, up to a conformal factor 
by h: 

(4.15) 7 U=o = hj - ^I 70 + / 70 

n 

where / is an arbitrary function. Moreover, if I > 1, ?7 |t=o is also specified by the initial data: 

(4.16) r)\t=o=H' g0 (hi) 



In the section below, we show how parabolic regularity implies that these conditions are also 
sufficient to obtain higher regularity of a solution to the Ricci-DeTurck boundary value problem. 
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4.2.2. Regularity up to t = 0. 

Theorem 4.2. Let g(x,t) G W p 2,1 (Mt) a solution of the Ricci-DeTurck boundary value problem 
fQ p .(TO [) . Forl = k + a, a< 1- 2±2, if g £ C l+2 '^ (M° x [0,T]) fcen g G C^'^M x [0,T]). 

Moreover, if rj G C !+1i! ^(9Mt), 7 G C l+2 ^ (dM T ) and g G C /+2,1 ^(Mt) and i/ie data g°,n,j,g 
satisfy the necessary compatibility conditions, there exists ar, < r < T, suc/i that g G C' +2 '~(M r ). 



Proof. First we prove interior regularity. Let p G M°, any point in the interior of M, U a neigh- 
bourhood of p not intersecting the boundary, a smooth chart ^ : U — > B(0, 1) and a smooth cutoff 
function £ defined on M n+1 such that C\b(o,i/2) = 1 an d Cls(o,l)-B(0,3/4) = 0. 

Given a Riemannian metric 5^ on .8(0, 1) we can define the differential operator 

C(d t ,d x ,gij)(u)ki = d t (uu) - g l] didj(u k i) 

acting on symmetric 2-tensors on B(0, 1). 

Now, since g(x,t) solves the Ricci-DeTurck flow, in these coordinates it satisfies the parabolic 
equation 

(4.17) £(dt,d x ,9ij)(g)kl = S(g,dg,g,dg,d 2 g) k i 
Define v k i = C9ki- It is easy to see that it satisfies the equation 

(4.18) dtvki - g 'ih<) ,{<■,■!) = CSu - g 'ihOAQgu - 2g ij d i (C)d j (g kl ) 

on B(0, 1), with initial data Vki\t=o = Cg^i e C 2+a and Dirichlet boundary data v|aB(o,i) = 0. Since 
the compatibility conditions of any order hold (£ is zero on a neighbourhood of dB(0, 1)), and the 
coefficients of the equation are in C a '~2 (B(0, 1)t) by Lemma 12.21 it follows from standard parabolic 
theory (see [TS]) that this boundary value problem has a unique solution in C 2+a ^ 2+a ^ 2 {B{Q, 1) T ). 
Since p G M° was arbitrary, we obtain that g G C 2+a '^(M° x [0,T]). 

The argument presented above, since the coefficients and the right hand side of (|4.18p are in 
C7 1+a,i ^ (5(0,1) x [0,T]), shows that if g is in C 3+ft '^(M° x [0,T]), so is g. Thus, a standard 
bootstrapping argument shows that g G C fc+a ' _ 2 _ (M° x [0,T]) as long as g is. 

It remains to prove the regularity of the solution of the Ricci-DeTurck equation in a neighbourhood 
of the boundary, under the assumptions of the Theorem. 

We need to establish some notation first. Let : U — > <fi(U) C ]R n+1 be any smooth chart on a 
domain U intersecting the boundary of M, such that 4>(U n dM) = <ft(U) n {x° = 0}, and let g a b, 7 £(T 
be symmetric positive definite (n + 1) x (n + 1) and nxn matrices respectively. Define the following 
differential operators 

B(d x ,g ab )(u)i = g pq d p (u qi ) -^g pq di(u pq ) 

utx m \ T,as i a 1 \ , / z 9 g g g g .9 H gopg g \ a , 

H(d x ,g ab )(u) = g > p v di{u a p) + —= r — Q + j= d a (u kl ) 



'g°° (vV ) 3 vV° 



n 

Now, take any p G dM, and consider a smooth coordinate system as the above with <j){p) = and 
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By Lemma [2.51 2~H(g) = H(d x , g ab (x,t))(g). Thus, in addition to (]4.17p . gij{x,t) satisfy the 
following conditions on 4>(U) n {x° = 0}. 

B{d x ,g ab (x,t))(g)i = g pq g ri f r pq 
(4.19) H(d x ,g ab (x,t))(g) = 2 V (x,t) 

and the initial condition gij\t=o = g®j- 

Notice that after "freezing" the coefficients at x = 0,t = 0, the operators C(5 ab ), B(5 ab ), H(5 a b), 
C(5 £a ), satisfy the complementing condition, as the computation in Theorem 13.11 shows. The open- 
ness of this condition implies that the same is true for the operators C(g ab ), B(g ab ), H(g ab ), C(7 ecr ), 
as long as g ab and r y £a are close to 5 ab . 

We will extend (|4.18p . (|4.19p to a parabolic boundary value problem on using a smooth 

cutoff function < rj < 1 on R'™ +1 supported in a ball B + (0,r) such that T)\B+(o,r/2) = 1- F° r this, 
define the metrics 

a a b{x,t) = 7]g ab (x,t) - (1 - r])S ab 

on R r l +1 , and 

a £ * = mt,ea + (1 - 77)4(7 

on M n . Then, choosing r, r > small enough, the operators C(a ab (x,t)), B(a ab (x,t)), H(a ab (x,t)), 
C(a ea (x,t)) will satisfy the complementing condition, defining a parabolic boundary value problem 
on x [0,t]. 

Now, let < (" < 1 be a smooth cutoff function supported in B + (0, r/2), C|b+(o,t-/3) = 1? an d se t 
v = C,g. 

Then v satisfies the equation 

C(dt, d x , a tJ ){v) kl = (S kl - g^didjiOgki - 2g i ^d i (0d j (gki) 
and the boundary conditions 



B(d x ,a ab (x, t))(v)i = (l-^ifO + Cfru 



pqb 

01 „0k. 



H(d x ,a ab (x,t))(v) = 2Cr? + nv%(0 + v a d a (Q + 9t 9o/39 Jl 9kl d a (() 



C(a £<7 )(v) a p = 

on Therefore, by Theorem 5.4 of [25], and the same bootstrapping argument we used for the 

interior regularity, we can prove that g G C l+2 ~ (M x [0, r]) for some small r > 0, since Cg k i satisfies 
the necessary higher order compatibility conditions as long as g^ does. □ 

Remark 4.3. For g G Wp' 1 (JWr), the metrics are uniformly equivalent and satisfy a uniform 
Holder condition in the t direction. Therefore, one can iterate the argument above to show boundary 
regularity up to time T. 

4.2.3. Boundary regularity for t > 0. 

Theorem 4.3. Let g be a solution in Wp' (Mt) of the Ricci-DeTurck boundary value problem with 
respect to a C°° family of background metre is g and C°° initial and boundary data. Then g is in 
C°°{M x (0, t]). In particular the compatibility conditions of any order are satisfied by g(t) for any 
t > 0. 
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Proof. We already know that g G C 1+a '~^~ (Mt), for a < 1 — ^-j^-- Setting I = k + a, we are going 

to do induction on the order k of the regularity. Suppose that g G C l+1 '^~ (M x (0, r]). 
Set d = [|] + 1, and choose < r D < r. We will use the notation 

V T °(x,t) = v(x,t + T ). 

The idea is to use the arguments in the proof of Theorem 14.21 for the quantity 

For the boundary regularity (interior regularity can be proven in the same way), w will satisfy the 
equation 

£(d t ,d x , a T ° b ){w) kl = t d {(S kl - g ij <);<), ix lg,, - 2^(0^0^)}"° + dt^Qg^ 



on the conditions 

B(d X30 %)(w)i = ^{(l-|)^(C) + Cff p9 f^ H } r ° 

{ a/3 n ol n ok n ) T ° 

2(v + nv%(0 + u a d a (C) + 9t 9H d a (C) | 

C{a T e ° a ){w) a p = 

on cM™ +1 and the initial condition w\t=o = 0. 

The coefficients of £., B, H and C are in C l+1 ~(M x [0,r - r ]), while the right hand side of 
the equation is in C l,l ^ 2 (M x [0,r — r D ]). Then w will be in C l+2,k ¥ (M x [0,r — r D ]) as long as the 
necessary compatibility conditions hold. 

To prove this, first note that assuming that w G C l+2, ~ (M x [0, r — r D ]), we have that 

i < d 
d\(g To i = d 

Using this, and commuting derivatives, we compute for < i < d — 1 

di(B(aH)(w)\ t=0 = o =d\ (t d { (i - f ) a t (c) + Cg pq r r pq9n } T °) [ =o 

C( a/3 01 Ok ) 

t d \ 2( V + nu%(0 + v a d a (0 + 9t9 °^ 9kl d a (C) | 



dlw 



t w \t=o 



) / t=0 

and dl(C(ala)(w))\t=o = for < i < d. This shows that the initial and boundary data satisfy the 
compatibility conditions. 

Hence, w G C l+2,t ¥ (M x [0,r — r Q ]), and since r Q was arbitrary 5 G C l+2 '~^~(M x (0, r]). □ 



Remark 4.4. The assumption that the data are smooth is not necessary. Given an initial metric in 
C fe ' e (M) n W 2 'P(M°), k > 1, boundary data 7 G C l ' l / 2 (dM x (0,r]), 77 G C^'^dM x (0,r]) and 
ft G C7^ 1 ' i 2 i (9M x (0,r]), for Z = k' + a, k' > k, the solution will be in C l ^ 2 (M x (0,r]). 



4.2.4. Regularity of the DeTurck vector field. According to the following Proposition, the DeTurck 
vector field W can gain one derivative, without requiring all the compatibility conditions needed to 
increase the regularity of g. Only higher order compatibility of the initial data with the reference 
metrics is needed. Thus, it can be assumed to be as smooth as the solution to the Ricci-DeTurck 
flow. 
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Proposition 4.1. Let g G C l,l ^ 2 {Mx) be a solution of the Ricci-DeTurck equation, I > 3. Assume 

that further that g is in C l+1, ~ (Mt) and that the compatibility condition hk = dj?gt\t=o is satisfied 
for k < [£±±] . Then, the DeTurck vector field W is in C l ' l / 2 (Mr~). 

Proof. Applying the Bianchi operator (3 g = div 9 —^dtr g in both sides of the Ricci-DeTurck equation 
we get 

Pg{dtg) = /3 g (Cyvg). 

Commuting derivatives we obtain 

PgiCyyg) = AW + Ric(W), 

where A = tr 9 V 2 and Ric(W) = Ric(W, •)• 

By the linearization formula of W (|4.8p we get that 

d t W b = P g (d t g) b - gbrUirfW* (r r pq - f^ fl ) - g^dt(f r tJ)q ), 

with Uij = — 2Ricjj +Cy l >gij. 

Combining the above we get the following evolution equation for W 

d t W = AW + Ric(W) + Q, 

where Q is an expression involving at most two derivatives of the metric. By parabolic regularity, 
given the Dirichlet boundary condition W|aM = and the validity of the compatibility conditions 
at t = it follows that W G C l > l / 2 {M x [0, T]) as long as g G C l > l / 2 (M x [0, T]). □ 

4.3. Uniqueness. Let gi,g2 G Wp' 1 (Mt) be two solutions to the Ricci-DeTurck boundary value 
problem (|1.2p . (|1.3p satisfying the same initial and boundary data. Choosing K > such that 
Qi G Mj£(<7°), there is a f > such that the map S defined in the proof of the existence Theorem 
is a contraction map of M^(g , °) to itself, and therefore has a unique fixed point. Since g±, 52 are 
both fixed points, they have to agree on [0, f]. Assuming the data are smooth enough to guarantee 
that gi(t) are C 2 for t > 0, one can apply the same argument regarding to as initial time. Then, an 
open-closed argument concludes that g\ = #2 on [0, T]. 

The results above finally complete the proof of Theorem 11.11 

5. The boundary value problem for the Ricci flow 

Let g° be a smooth Riemannian metric on a compact Riemannian manifold with boundary M, 
7t be a smooth family of metrics of the boundary, and rj a smooth function on dM x [0, +00). 
We assume that they satisfy the zero order compatibility condition (jl.ip . The aim is to study 
the existence and regularity of a Ricci flow evolution of g° on M, such that the conformal class 
of the boundary metric is [7^] and the mean curvature of the boundary is n. The existence will 
follow by the standard argument of pulling back a solution of the Ricci-DeTurck flow by a family 
of diffeomorphisms. However the issue of how smooth this family is at the corner dM x of the 
parabolic domain will become relevant, as it may be only C° despite being smooth everywhere else. 
Theorem 11.21 describes how this phenomenon affects the existence and regularity. Before discussing 
the proof we make some remarks on the regularity of a solution to the Ricci flow g(t) with the 
boundary conditions under consideration. 

As it was shown in subsection (|4.2p . certain higher order compatibility conditions among the initial 
and boundary data are necessary for the regularity of the Ricci-DeTurck flow on the corner dM x 0. 
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Naturally, such obstruction to regularity appears in any evolution initial-boundary value problem, 
and so does for the Ricci flow. 

For instance, for the boundary value problem (|4.ip . (|4.2p . (|4.3p . the compatibility conditions 
(|4.15p . (|4.16p . with hi = — 2Ric(<7°), are needed for a C 2 or C 3 solution to exist. Notice that these 
compatibility conditions are exclusively formulated in terms of the Ricci tensor of the initial metric. 
More generally, differentiating the boundary conditions with respect to time, we get 



so that since [7] = [g 



_ . T tr-v Ric T , tr~ g T . 
n n 



. rp tr t Ric T rp ti> g T . 

Ric T 9 - g T = f<y + -^-7. 



n n 
Also, the mean curvature condition gives, 

^(Ric) = ~n- 

Using the evolution equation of the Ricci tensor under Ricci flow (see for instance [TO]), and the 
contracted second Bianchi identity we observe that Ric satisfies the following boundary value problem 

(5.1) dt Ric = Al Ric, on M 

where is the Lichnerowicz Laplacian, and on dM 

rp tr,,T Ric T ^ tr^T g T 

Ric T i g T = / 7+ ^-J^7 

n n 

(5.2) ?4(Ric) = -^77 

/? 5 (Ric) = 0. 

Notice that the computation in Theorem 13.11 shows that it satisfies the complementing condition and 
is parabolic. 

Now, since d^g = —2d^ 1 Ric, it follows that the compatibility conditions on g(0) needed for 
g(t) e C k (M T ), with k > 3, are the same as those for Ric G C k ~ 2 , satisfying ([53]) . (f5T2|) . Note also 
that by the contracted second Bianchi identity the compatibility conditions of any order hold for the 
last boundary condition. 

For example Ric G C 2 {Mt) and g G C 4 (Mr) require an additional compatibility condition between 
(A^Ric) T and 7^=0, which, in the simple case that the conformal class stays fixed along the flow, 
will be 

(A L Ric(,°)) r = p^ 

for some function p on dM. 

Proof of Theorem ] 1. Si By Theorem ll.il choosing a family of smooth background metrics g, there ex- 
ists a solution g(t) to the Ricci-DeTurck boundary value problem (|1.2|) . (|1.3|) . which is in 
C°° (Mt — (dM x 0)) and in C 1+a '^~ (Mt) if no other higher order compatibility conditions hold. 



The DeTurck vector field W(g(t),g) is also in C°°(Mt - (dM x 0)).Then, for some e > 0, the 
ODE 

d 

—ib = -Woijj 
dt 

(5.3) ip £ = id M 



21 



THE RICCI FLOW ON MANIFOLDS WITH BOUNDARY 



defines a unique smooth flow ipt for t > 0, which extends at t = continuously up to the boundary, 
and smoothly in the interior. 

Then, g(t) = tp^g(t) solves the Ricci flow equation (see for instance [TO]). Moreover, since the 
diffeomorphisms ipt fix the boundary, and the mean curvature and conformal class are invariant 
under such diffeomorphisms, it follows that g(t) satisfies the boundary conditions (jl.5p . 

Since (V^ -1 )* g(t) = g(t) and g{t) — V g° in the C 1,a sense as t — V 0, we get that g(t) —> g° in the 
geometric C 1,a sense. 

Now, assume that g°, 7,77 satisfy the higher order compatibility conditions necessary for the Ricci 
tensor to be in C k (Mx) and the metric g in C k+2 (Mx) under the Ricci flow. We need similar 
compatibility conditions to hold for the Ricci-DeTurck flow, in order to improve the regularity of g. 
In general we don't expect them to hold for an arbitrary choice of background metrics g, so we have 
to choose them carefully. 

As the discusion in subsection (|4,2p shows, the time derivatives at t = of solutions g,g to the 
Ricci flow and Ricci-DeTurck flow respectively 

h = d k g\ t =o 

hk = d k g\ t =o 

are completely specified by the initial data g° and the background metrics g in the case of hk ■ Observe 
that if gt is chosen so that dtg\t=o = and d k g\t=o = hk for k > 1, we get 

(5.4) hk = h k . 

To see this, note that h\ is determined, through the equation, by ho, ■ ■ ■ , hi-i and d k g\t=o for k < I. 
Thus, assuming that (j5.4|) holds for k < I we get 

dt(£w(g,g)9)\t=0 = 0; for A; < / 

since d k W\t=o = for k < I. Note that dtW\t=o = 0, by the contracted second Bianchi identity. 
Then, we compute 

k = ^~ 1 (-2Ric(g) + £ wm g)\t^o = ^- 1 (-2Ric(5))| i =o = ^(^1, • • • , k-i) 
for some expression F. On the other hand, 

h = ^- 1 (-2Ric(( 7 ))| t=0 = F(hi, . . . , hi-i) 

for the same expression F. Hence, (|5.4p follows by induction, since ho = ho = g°. 

Now, (|5.4p implies that higher order compatibility of the data of the Ricci flow boundary value 
problem imply higher order compatibility of the same order for the Ricci-DeTurck flow. 

Theorem 11.11 shows that g(t) is actually in C k+2+a ' 2 (Mr), which immediately implies that 
g{t) converges to g° in the geometric C k+2,a sense. 

Moreover, the regularity of tp in M x [0, T] is at least C k+1 , i.e. it has t time and s space derivatives 
for 2t + s < k + 1, since W is of first order on the metric. It follows that Rm(g(t)) = ^(Rm(g(i))) 
is in C fc (Mr), and Rm(s(0)) = ^Rm{g(0)). 

By Proposition (|4.ip . if k > 1, the DeTurck field and also tp is in C k+2 , therefore g(t) £ C k+1 (M T ). 
Otherwise, if k = 0, g(t) E C°(Mt) (up to the boundary, at t = 0). 

The lower bound of the existence time T > is a consequence of the corresponding estimate for 
the Ricci-DeTurck flow, after the observation that the background metrics g can be chosen so that 

sup{||ijf(t) - g°\\w2>r(M°) + \\dtg(t)\\L p (M°)} < i- 



THE RICCI FLOW ON MANIFOLDS WITH BOUNDARY 



25 



□ 

Remark 5.1. By parabolic theory, necessary compatibility conditions are also sufficient to get higher 
regularity of a solution. However, the Ricci flow is not parabolic, and this is manifested by loss of 
derivatives. On the other hand, the Ricci tensor satisfies a parabolic boundary value problem and, 
as predicted, the compatibility conditions give the expected smoothness. 

Remark 5.2. Setting the initial condition ip\t=o = idu in (|5.3p . we obtain a solution to the Ricci 
flow satisfying g(0) = g°. However, the diffeomorphisms tp will have finite degree of regularity up 
to the boundary, even for t > 0, depending on the compatibility of the data. Thus, g{t) will also 
have finite regularity along dM x [0, T]. This is in contrast to the behaviour of solutions to parabolic 
boundary value problems, which become immediately smooth for t > 0, as long as the boundary 
data are smooth. 

The simple example of a rotationaly symmetric Ricci flow on the n + 1 dimensional ball illustrates 
the situation. Consider metrics of the form 

g = (f) 2 (r)dr 2 + ip 2 (r)ds 2 n 

where < r < 1 and ds^ is the standard metric on S n . Notice that the symmetries imposed fix most 
of the gauge freedom, allowing only reparametrizations of the radial variable r. Under Ricci flow the 
evolution equations of (f> and tp are (see [9]) 

(5.5) d t <p = n^-<f> 

(5.6) w = afy-fo-i) 1 "?'^ 2 

where d s = (\T x d r . 

The diffeomorphism freedom in the r direction is the reason that <f> does not satisfy a parabolic 
equation and satisfies a transport-type equation instead. In case the initial and boundary data don't 
satisfy the first compatibility condition for the mean curvature, ifi will be worse than C 3 (M x [0, T]) 
and the right hand side of (|5.5p will be worse than C 1 (M x [0, T]). Equation (|5,5p doesn't enjoy the 
smoothing properties of a parabolic equation and, as an ODE in t, we can't expect smooth dependence 
on the initial data. Thus, low regularity of g(t) at dM x can propagate in dM x {t > 0}. 

5.1. Uniqueness of the Ricci flow. We can now use the harmonic map heat flow for manifolds 
with boundary (see [17j ) to establish the uniqueness of C s (Mt) solutions to the Ricci flow boundary 
value problem under consideration, proving Theorem 1 1.31 Since the overall argument is standard (see 
[10j). we will just point out the necessary modifications to treat the case of manifolds with boundary. 

Let gi(t),g 2 (t) be two C 3 (M T ) solut ions to the Ricci flow satisfying the same initial and boundary 
conditions. Consider the following heat equations for maps 0, : (M,gi) — > (M,g°): 

(5-7) ^ = & 9i (t), 9 o<f>i inM, 

(5.8) (f>\g M = id dM on dM, 
with initial condition 

(5.9) 4>\ t=0 = id M . 

For integral m > and p > n + 3 we can define the Sobolev spaces Wp m ' m (M £ ,M) of maps 
/ : M — > M, by requiring the coordinate representations of / with respect to an atlas of M to be in 
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Wp m ' m (M £ ). This space consists of the L p functions on M £ = M x (0, e) with the derivatives d r t V s 
in L P (M £ ) for 2r + s < 2m. The space Wp m,m (M £ , M) does not depend on the atlas used for its 
definition, as long as p > n + 3. 

The results in Part IV, section 11 of [T7] show that there exist solutions fa 6 Wp' 1 (M £ , M), for 
small e > 0. The convexity assumption of this result for the target (M,g°) is not needed here, since 
(j)\ t= o = idu and thus 4>i(t) remain diffeomorphisms of M for small t. Also, by the theory in [19] and 
[25j these results hold under the current assumption for the regularity of gi{t). 

Moreover, the first order compatibility condition for the boundary value problem (15. 71 )- ( i5T9j) holds 
since 

-jjjT = A 9l (0),g 0( MO) = Ag a , 9 oidM = 0. 

Thus, the diffeomorphisms 4>i(t) are in Wp' 2 (M £ , M). 

Given the regularity of fa and gi we know that gi = (fa(t)) ^ gi(t) S Wp' l (M £ ). Then, gi satisfies 
the Ricci-DeTurck equation with background metric g° and the geometric boundary data are still 
satisfied by gi since fa fix the boundary. Also notice that the gauge condition 

WiSi,9 )\8M T =0 

holds, since 

(5-10) A g . {t)jg ofa(t) = -W(gi(t),g°) o fa(t) 

and 

Agi(t),g 0( t>i(t)\dM T = 0. 

2 1 

By the uniqueness of W p ' solutions of the Ricci-DeTurck boundary value problem, we have that 
9\{t) = h{t) and W(gi(t),g°) = W{g 2 {t),g°) for < t < e. Now fl5J0]) and (^3) imply that fa = fa, 
thus gi = fag! = fa 2 g 2 = #2- 

This has the following corollary: 
Corollary 5.1. If 4> is an isometry of g° which preserves the boundary data, namely 

far](x,t) = r](x,t) 
[fa 7 (x,t)} = h(x,t)}, 

and g(t) is a solution to the corresponding Ricci flow boundary value problem then (ft is an isometry 
of git) for all t. 

Proof. It is a consequence of the diffeomorphism invariance of the Ricci flow equation and the unique- 
ness. If (j) is an isometry of g° which preserves the boundary data and g(t) is a solution of the Ricci 
flow boundary value problem then fag{t) is also a solution with the same initial and boundary data. 
By uniqueness we obtain that fag{t) = g(t). □ 

5.2. A generalization. The methods used in the preceding sections can be applied to prove the 
following generalization of Theorem 1 1.2 1 in which the mean curvature at any t depends on the induced 
metric on dM via a given smooth function r](x,t,g T , (g T )" 1 ). 

Theorem 5.1. Theorem holds if we replace the boundary condtion for the mean curvature with 
(5.11) H(g) = V (x,t,g T ,(g T y l ). 
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The existence time T is controlled from below in terms of 

m &x{\\g \\w 2 -P(M°), \g°\l+e, |(3°) _1 |o, Mi+e.iiij He 2 } ) 
where 1 77 1 ^2 is a C 2 norm in all the arguments of n. 

Proof. Regarding the short-time existence of the Ricci-DeTurck flow, estimates on the line of Corol- 
lary A. 3 of [28] establish that the estimates of Lemmata 14.11 and 14.21 remain valid when 

G w = H' g0 (w - g°) - (H(w) - H(g )) + V (x, t, w T , (^ T )" 1 ) - r,(x, 0, g°> T , (g ' T y 1 ) 

G W1 - G W2 = U' gQ {wi - w 2 ) - {H(wi) - U{w 2 )) +rj(x,t,w{, (wj)' 1 ) - rj(x,0, w 2 ),T , (w^)' 1 ) 

with the corresponding constants now controlled by the norm of n(x,t, •, •). 

The regularity theorems are still valid since the dependence of rj on g T is of zero order. Now, 
pulling back by the DeTurck diffeomorphisms we obtain a solution to the Ricci flow satisfying (|5.1ip . 
Finally, the arguments in sections 4 and 5 also establish the uniqueness for the Ricci-DeTurck and 
the Ricci flow boundary value problem in this case. □ 

6. AN EXTENSION CONDITION FOR THE RlCCI FLOW. 
In this section we prove Theorem 11.41 
Proof of Theorem \l-4\ Assume that T < 00 and for some K > 
(6.1) sup I Rm{g(t))\ g{t) + sup \A{g{t))\ g(t) < K 

x£M xedM 

for all t < T. 

The bound (|6.ip implies that g(t) are uniformly equivalent and in addition that g T have bounded 
curvature for t < T. We show that g T are actually controlled in C 1,e as t — > T. Let u(x,t) be a 
function such that g T = u^-^j (when n > 3). If R{^f) and R(g T ) are the scalar curvatures of 7 and 
g T respectively, it is known that u satisfies an elliptic equation of the form 

aAu + R(j)u - R{g T )u^ = 0, 

where a = a(n) and A is the Laplacian with respect to the uniformly equivalent and controlled in 
C 1,e metrics 7(£). Now, elliptic regularity and the uniform bounds on u, R{"f), R{g T ) imply that u, 
and hence g T , is controlled in C 1,e . For n = 2 the situation is similar. 

Next, we observe that the interior injectivity radius %m-, the injectivity radius of the boundary igM 
and the "boundary injectivity radius" % are uniformly bounded below for t < T. Here we need to 
clarify that iM > io means that for any p G M° the exponential map exp p restricted to a ball of radius 
p < mm{i ,dist(p,dM)} is a diffeomorphism onto its image while the boundary injectivity radius 
determines the size of the collar neigbourhood of the boundary in which the normal exponential map 
is a diffeomorphism. 

Since g{t) are uniformly equivalent, for any p € M° there exists a r Q > such that distt(p, DM) > 
r Q for all t <T. This also shows that the volume ratio 

Vol t (B t (p,r)) >c 

for all r < r Q and t < T, which together with the curvature bound gives that injMip) is bounded 
below. A similar argument controls the injectivity radius igM of the boundary. 

Moreover, by comparison geometry the bounds on the curvature and the second fundamental form 
control the "focal" distance of the boundary. Then, since the metrics are uniformly equivalent, the 
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boundary cannot form "self-intersections", hence the boundary injectivity radius % is also bounded 
below. 

Now, (|6.ip and the discussion above implies that there exist positive constants Rq, io, do, Sq such 
that for all t £ [0, T) 

(6.2) |Ric(M, 9 )| g < Ro, |Ric(dM,<7 T )| 5 T < R 

(6.3) i M > io, idM > io, h > 2io 

(6.4) \H(g)\ Lip(dM ) < So, dmm(M,g) < d . 

Theorem 3.1 of [1] states that the class of Riemannian manifolds satisfying the bounds above is 
C7 1,e -precompact. Thus, there is a sequence tj — > T and C 2 ' 6 diffeomorphisms (j)j of M such that the 
metrics hj = (jf^gitj) converge in C 1,e . In addition, the fact that both hj and g(tj) T are uniformly 
bounded in C 1,e implies that (pj\dM are actually controlled in C 2,<L . 

Next, we show that hj are uniformly bounded in W 2 ' P (M°). The bounds above imply that 
the "harmonic radius" of (M,hj) is uniformly bounded below. It is also known that in harmonic 
coordinates the Ricci curvature becomes elliptic. Moreover, in boundary harmonic coordinates (see 
[3]) the metric components satisfy a boundary value problem of the form (|4.19|) . which is elliptic in 
the sense of [I]. The mean curvature and conformal class are C e and C 1,e controlled respectively and 
the harmonic coordinate functions are controlled in C 2,e . Thus, the LP estimates in Solonnikov [26] 
provide uniform W 2 ' p control of hj in these coordinates (in a ball or "half ball" of smaller size) . Note 
that the W 2,p estimates up to the boundary of [26j hold under the current regularity assumptions on 
hj, 7 and r\. Finally, since the harmonic coordinate functions C 2,e controlled we obtain the uniform 
estimate of hj in W 2 ' P (M°). 

Now, g(t) is a smooth Ricci flow for t < T, and therefore g{tj) satisfy the necessary compatibility 
conditions of any order. The same is true for hj since for the Ricci flow these conditions are imposed 
on the Ricci tensor and are diffeomorphism invariant. Thus, by the short time existence result and 
the uniform control of hj, [4>jj] and <^*jf], there exist smooth solutions hj(t) to the Ricci flow boundary 
value problem with hjitj) = hj, for a uniform amount of time. 

By uniqueness, g(t) = ((j>j)*hj(t) for all j and t > tj. Therefore, taking j large, the argument 
above shows that the solution g(t) can be extended past time T. □ 

Remark 6.1. An examination of the proof of Theorem 3.1 in [5] indicates that Holder control on 
the mean curvature is probably enough to obtain precompactness in Holder spaces. The assumption 
on the Lipschitz control of the mean curvature could then be removed. However, we will avoid the 
technical details of this improvement here, since in general the mean curvature rj can be assumed to 
have high degree of regularity. 
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